The collective response of closely spaced metal particles in non-periodic arrangements has the potential to provide a beneficial angular and frequency dependence in sensing applications. In this paper, we investigate the optical response of a Sierpinski fractal arrangement of gold nanoparticles and show that it supports a collective resonance similar to the surface lattice resonances that exist in periodic arrangements of plasmonic resonators. Using back focal plane microscopy, we observe the leakage of radiation out of a surface lattice resonance that is efficiently excited when the wavenumber of the incident light matches a strong Fourier component of the fractal structure. The efficient coupling between localized surface plasmons leads to a collective resonance and a Fano-like feature in the scattering spectrum. Our experimental observations are supported by numerical simulations based on the coupleddipole approximation and finite-difference timedomain methods. This work presents a first step towards the application of fractal arrangements for plasmonic applications
INTRODUCTION
Metal particles with subwavelength dimensions have resonances in their scattering and absorption spectra in the optical regime called localized plasmon resonances [1] . Associated with these resonances are strong electromagnetic field enhancements near the particle surface. The enhancement of light-matter interaction that this offers can be used in sensing or lighting technologies [2] [3] [4] . Single metal particles can be tuned in spectrum by simple geometrical modifications such as changes in their length-to-width ratio [5] , however, single-particle plasmon resonances have a very broad spectral response due to their dipolar nature and associated efficient radiation losses. The dipolar nature also dictates limited control over their angulardependent response. Isolated particles thus are limited in sensitivity of detection mechanisms based on changes in spectrum or angular response.
To take control over the spectral and angular response, arrangements of multiple metal particles of similar shape in close proximity can be used. Studies have shown how the coupling between the particles gives rise to many different phenomena such as mode splitting and Fano resonances in dimers, trimers, quadrimers and heptamers [6] [7] [8] [9] [10] . To make plasmonic resonances with a narrower linewidth, a reduction of the radiation loss is needed. Such a reduction can be achieved by constructing resonances of higher-order multipolar nature as these are less efficient in coupling to the far-field, so-called 'dark' or subradiant modes.
One particularly efficient way to create a subradiant resonance is to make large area periodic arrangements of particles. Several studies have shown how resonant interactions of localized plasmons in periodic arrangements lead to narrow linewidth spectral features [11] [12] [13] [14] [15] [16] . The origin of these resonances was shown to be well described by a coupled-dipole model in which the broad localized surface plasmon resonances of the particles are described as dipolar resonators [15] . The coupling between the particles leads to sharp spectral features near the condition for the (dis)appearance of a diffraction order, i.e. when the reciprocal lattice constant k d =2π/d crosses the light line k=ω/c with d the lattice spacing, ω the angular frequency and c the speed of light in the medium. To describe the collective resonance of the particles we use the often-employed term surface lattice resonance.
Because the sharp linewidths arise from the collective in-phase oscillation of the monomers, these features are typically not only sharp in spectra but also sharp in their angular sensitivity. Since this property may be disadvantageous in applications, it is worthwhile to explore how similar behavior arises in non-periodic yet extended arrangements of particles with simple design rules such as quasi-periodic or fractal arrangements. Such configurations generate more densely-packed features in reciprocal space [17, 18] and, as a result, more isotropic behavior of diffracted light in terms of radiated directions or features that are less regularly spectrally spaced can be expected [18] [19] [20] .
In this article, we study a fractal antenna structure based on the Sierpinski carpet geometry and visualize a surface lattice resonance using leakage radiation microscopy in the Fourier plane [21, 22] . The coupleddipole approximation and finite-difference time-domain numerical simulations are adopted to validate and understand our findings. We will relate our findings with two different viewpoints on the structure. One is making a relation with surface lattice resonances in periodic particle arrays, showing that the Fourier amplitude of the fractal plays a similar role as the reciprocal lattice vector in gratings and regular arrays. We show that surface lattice resonances, that generate the dominant spectral features in periodic structures, also occur in fractal geometries. Secondly, we relate spectral features in the measurement with the most dominant eigenmode found by using an eigen-decomposition method. In the end, the appearance of Fano line shapes [23, 7] in the scattering spectrum of the antenna is discussed.
Note that diffraction phenomena of fractal structures have been a topic of fundamental study since the 1970s [24] [25] [26] . More recently, optical fractal antennas have been proposed in which localized surface plasmon resonances of metal nanoparticles are to serve as an interface between propagative and localized light fields [27, 28] . Created from hundreds of metal nanoparticles arranged in a fractal pattern, fractal optical antennas have already been realized [29] , but up to now only few studies have explored the possibilities that these structures offer. In principle the self-similarity on different length scales makes them ideally suited for frequency-independent design. As such, fractal antennas are currently used in broadband wireless communication in the radiofrequency region [30] , such characteristics are however not considered in this article.
SAMPLE
The Sierpinski carpet morphology studied in this paper is constructed following the suggestion of Volpe et al. [27] . We start from a square monomer with size of 200 (width) × 200 (length) × 40 (thickness) nm 3 which is the 0 th order structure. This monomer is copied into a 3×3 array and the central one is removed, creating the 1 st order unit of the structure. The gap distance between each monomer is 20 nm. The same procedure is recursively applied to construct the next order of the fractal pattern. Fig. 1(a) shows a scanning electron micrograph of a 3 rd order Sierpinski carpet as it is fabricated from a single crystalline gold flake by focused ion beam milling on a glass substrate [31] with a 100 nm ITO layer. The center-to-center spacing of the particles d is 220 nm. Note that while typically a Sierpinski carpet is a continuous construction with segmented holes or otherwise filled units, here we present what is essentially an inverse structure, with individual gold segments arranged in the Sierpinski carpet pattern and small gaps in between.
It is instructive to look at the Fourier transform of the idealized structure (Fig. 1b) , as shown in Fig. 1c . It shows the magnitude of Fourier components as a function of the spatial frequency in x and y direction. While a periodic square lattice has a reciprocal lattice built up from the reciprocal lattice constant k d and higher harmonics as with n and m integers, the fractal structure has many lower harmonics and can be written in general as:
∑ ∑ , where runs from 0 to the order of the fractal. The region in Fourier space within the "unit cell" | | of the Fourier transform of the Sierpinski lattice is therefore densely filled instead of empty as in a periodic structure.
BACK-FOCAL PLANE MICROSCOPY
Back-focal plane (BFP) microscopy is used to image the diffraction pattern of the optical antenna. In our setup, wavelength filtered light (from 550 -950 nm) of a supercontinuum source is weakly focused on the sample from the air side. The incident polarization is aligned along the x direction. The forward-scattered diffracted light is collected using a 1.4 NA oil immersion objective, where the central part (including the directly transmitted beam and 0 th order diffracted light) is blocked by a beam stop. An image of the BFP is made on a sensitive CCD camera after selecting x-polarized light. Because the incident wavelength is known, a measurement of the BFP is a direct measurement of the in-plane wavevector k=(k x , k y ) of the collected light. More details of the setup are presented in the supplementary materials.
EXPERIMENTAL RESULTS
Figs. 2(a)-(c) show three diffraction patterns observed in the BFP of the microscope. These images show diffraction by the optical antenna upon illumination with light polarized along the x-direction with incident photon energy 1.9, 1.65 and 1.46 eV (650, 750 and 850 nm), respectively. The inner red circles indicate the wavenumber of the light line in air (k 0 ), whereas the green circle corresponds to the wavenumber that can be maximally collected with the 1.4 NA objective (1.4k 0 ). The measured diffraction patterns resemble the calculated Fourier amplitude of the Sierpinski carpet geometry shown in Fig. 1(c) . As the incident photon energy decreases, the diffraction peaks gradually disappear beyond the observable region of the backfocal plane microscope. We note that the diffraction patterns also include spots corresponding to scattered light with wavenumbers larger than that of the incident wavenumber in air i.e. beyond the red circles in each panel of Fig. 2 . These wavenumbers correspond to evanescent waves in air, which can be observed in the BFP image due to the 1.4 NA oil immersion objective in our microscope.
The most striking feature in the BFP images of Fig. 2 is the appearance of two intense spots at the incident photon energy of 1.65 eV marked A and B. The diffraction signal in this region of k-space extending beyond the light line in air is much weaker when incident light of 1.9 and 1.46 eV is used, suggesting a significant spectral dependence. To elucidate the spectral dependence of these diffraction spots, we measured the BFP image as a function of incident wavelength in the range of 1.3 -2.25 eV. Plotted in Fig We assign the high intensity diffraction signals indicated A and B to a surface lattice resonance. The individual particles within the Sierpinski carpet structure exhibit a resonant interaction that occurs at a photon energy just after the disappearance of a diffraction maximum of the fractal leading to a high intensity surface wave on the air side. Energy in this excited mode can leak out into the glass substrate and can be detected in the BFP, in the same way that propagating surface plasmons on metal films can be observed using leakage radiation microscopy [21, 22] . The critical elements in our setup are excitation of a surface lattice resonance at the air side, and detection with an oil-immersion objective which extends the viewing angle. The former condition was validated by immersing the structure in refractive-index matching oil (silicone oil with refractive index 1.48) and repeating the measurements of the diffraction patterns. Spots A and B are then no longer present (see supplementary information). Under these conditions, the efficient coupling due to the constructive interference of the incident wave and scattered light from neighboring particles disappears. The condition for the surface lattice resonance is then shifted towards lower energies (longer wavelengths) but is obviously not detectible anymore in our scheme because a mismatch in refractive indices is needed to use leakage radiation as a detection method.
NUMERICAL CALCULATIONS OF THE BACK-FOCAL PLANE
To confirm our experimental observations and explore the nature of the bright diffraction spots appearing beyond the light line, we calculate the far-field diffraction pattern of the Sierpinski carpet optical antenna at different incident wavelengths. We employ a finite-difference time-domain (FDTD) numerical method (Lumerical Solutions, Inc.) that includes the effect of a glass substrate as well as multipolar interactions between the rectangular monomers (see supplementary information for details). We obtain the diffraction pattern from the far-field transformation of the electric field present in the plane 10 nm below the sample in the glass substrate. The results presented in Fig. 2 (e) confirm our experimental results that a very effective diffraction into wavevectors with k 0.34 , occurs just below the light line in air. The FDTD method, however, does not give a mechanistic view on or explanation of the observed efficient outcoupling of the surface lattice resonance. To obtain more insight we perform numerical calculations using the coupled dipole approximation [32] [33] [34] . This method has been applied successfully to the periodic case, where analytical results can be obtained [15] and in smaller systems of coupled plasmonic resonators such as plasmonic heptamers [10] . To perform the coupled dipole approximation we chose to simplify our system: we consider only the dipolar interaction between monomers and do not include the effect of the glass substrate. In short in the coupled dipole approximation, we calculate the induced dipole moment , , of each monomer under the x-polarized plane wave excitation. Where a monomer is modelled as a spherical particle of the same volume as in the experiment (1.6 10 6 nm 3 ). The coupled dipole equation is:
where is the dipole moment of m th monomer,
, is the interaction matrix between a receiving dipole at and a radiating dipole at . Here we use the Green's function in air and thus intentionally neglect the substrate in the calculation. According to the fundamental principle of Fourier optics, the far-field electric field is entirely defined by the Fourier spectrum of the electric field in the object plane [5] . Therefore, we calculate the Fourier spectrum of the dipole moment :
We may neglect components and here because is equal to the lattice vector of the fractal , which is independent on the photon energy. In the finite and non-periodic fractal structure can be replaced by the magnitude of the Fourier transform of the structure, therefore vertical lines appear, corresponding to the large magnitude Fourier components of the Sierpinski carpet optical antenna (see also Fig 1c) .
The striking features A, B in the diffraction of the Sierpinski fractal structure are very well described by the highly simplified coupled dipole model. Note that switching off the particle interactions by making , removes the high intensity feature in the calculated diffraction pattern (results not shown). The observed resonant feature at A, B in Fig 2 d ,e,f therefore corresponds to in-plane diffracted light on the air side of the sample that leaks out of a collective mode that is analog to the surface lattice resonance in periodic structures.
EIGENMODE ANALYSIS
To further disentangle the complex interactions in the fractal structure, we extract the dominant eigenmode under normal excitation by the eigen-decomposition method [35, 36] . Here, the dominant eigenmode is defined as the eigenmode with largest weight among all eigenmodes. Figs. 3(a) -3(c) and 3(d) -3(f) show the dipole moment distribution and their corresponding Fourier amplitude of the dominant eigenmodes of the fractal at excitation photon energy 1.9, 1.65 and 1.46 eV, respectively. We find that for the mode at 1.65 eV, most of the wavevectors are located outside the light line of the incident light in air (the red circle) as shown in Fig.  3 (e), indicating it is sub-radiant. This is also observable in the dipole moment distribution in Fig. 3(b) in which the periodicity of the positive polarized rows (red) matches the length of 3 monomers enabling only a weak coupling to the far-field on the air side. On the contrary, the dominant eigenmodes at 1.9 and 1.46 eV shown in Figs. 3(d) and 3(f) respectively, have large amplitudes inside the light cone and are thus bright (radiant). We recognize the intense spots A and B in Fig. 3(e) , which are associated with the surface lattice resonance. We conclude here separately that the signals A and B in Fig.  2 arise from the resonance of the dark eigenmode shown in Fig. 3(b) . It has to be noted, however, that out of the 1536 (partially degenerate) eigenmodes of the structure, about 250 contribute with some significant amplitude and the dominant eigenmode has an amplitude contribution of about 7% (see supplementary information).
FANO PROFILES
An important characteristic of a subradiant eigenmode such as a surface lattice resonance is that it can generate a Fano profile in the extinction or scattering spectrum of plasmonic nanostructures [7, 23, 15] . In general, Fano profiles arise from the destructive interference between a resonant mode and a continuum. In plasmonic structures this can arise in different forms, for instance in (1) the interference between a dark and a bright eigenmode or (2) the interference between a plasmonic resonance and the directly transmitted light. Unfortunately the latter is difficult to measure in a relatively small structure as described in this article because the scattering is of much lower magnitude than the direct transmission. We therefore aimed to determine if a Fano-like interference between dark and bright modes can be detected in scattering, despite the fact that more than 1500 modes are present in the structure. Fig. 4(a) shows the measured scattering spectrum of the Sierpinski carpet optical antenna, obtained by whitelight dark field microscopy [29] . This measurement was Fig. 4 (a) The measured scattering spectrum of the Sierpinski carpet optical antenna with x-polarized incident light. The shaded zone corresponds to the region of intense signal A, B in Fig. 2(d). (b) The scattering cross section calculated by the FDTD method. The shaded region corresponds to the photon energy range of where the surface lattice resonance was found in FDTD (Fig 2e) . (c) Numerical results from the coupled dipole method. In black the light scattered in forward direction 0,0 , in orange the light scattered in 0,2π/3d . performed using an annular beam of white light incident from the glass side on the sample with polar angles ranging from 20° -50°. The scattered light in air was collected using a low NA objective (see supplementary information for details of the setup). The scattering spectrum features a significant dip around 730 nm, which coincides with the spectral region where the intense signals A and B appeared in the back focal plane images (shaded region in Fig. 4(a) ).
In Fig. 4(b) the scattering of the structure under similar conditions as the experiment was calculated by FDTD. Shown is the light scattered into the glass in the 20° -50° cone when light is incident normal to the surface which via reciprocity should yield a similar spectrum. The shaded region corresponds to the region where the surface lattice resonance is present in FDTD calculations. The scattering spectrum of Fig. 4(b) indicates a small dip around 720 nm, which is close to the measured result in Fig. 4(a) . Though both experiment and FDTD show an indication of a Fano-like profile, the correspondence is not of high enough quality to merit a strong conclusion. We therefore invoke once more the results from the coupled dipole approximation to determine if the drop in scattering intensity around 730 nm (Fig. 4(a) ) could indeed be a Fano dip. Fig. 4(c) shows line profiles of the Fourier spectra of calculated by the coupled dipole approximation that are taken at the position of the black and orange arrows drawn in Fig. 2(f) at 0,0 and 0, respectively. The forward scattering (black curve) clearly has a Fano line shape with a minimum at around 690 nm and maximum at around 710 nm. It corresponds very well to the spectral position of the surface lattice resonance visible as the orange curve. We thus conclude that the Fano line shape visible in the forward direction arises from the π phase jump of the dominant eigenmode, which interferes respectively destructively and constructively with bright eigenmodes of the fractal structure. The destructive interference occurs within the red circle of BFP images, which causes the Fano dip in the scattering spectrum. This interpretation agrees with Frimmer et al. [10] , who state that the Fano dip requires an overlap of the far-field radiation pattern of a dark and bright eigenmode.
We believe the same type of interference between modes is observed in the experiments here, however, higher-order multipolar interactions and the leakage of the mode into the glass substrate lead to overall broadening and deviations from the simplified result obtained from the coupled dipole approximation. Also due to the complex mode structure of the fractal antenna and broad spectral features of plasmonics in the visible, it is challenging to show exactly which or how many modes are needed to generate the scattering spectrum of the fractal structure.
DISCUSSION
The existence of a surface lattice resonance in a fractal arrangement of plasmonic resonators is clearly demonstrated; however, several intriguing side issues remain. Firstly the surface lattice resonance occurs when the light-line crosses the 2π/3d maximum in Fourier amplitude of the fractal structure. Though the amplitude of this component is certainly among the stronger peaks in the Fourier spectrum, it is unclear why conditions for a surface lattice resonance are not met at other crossings. A possible solution of this lies in a detailed study of the eigenmodes that are extracted based on the CDA, though the large number of modes makes this a very complex puzzle. We tentatively attribute the surface lattice resonance to the fractal arrangement of our Sierpinski carpet optical antenna, which renders an efficient subradiant mode with high eigenpolarizability. Closely related, the second issue is how such a clear Fano resonance emerges from the coupled dipole approximation whereas a large number of modes is collectively responsible for the response of the structure. Further research is needed to unravel the complex behavior of this fractal plasmonic structure.
CONCLUSION
In conclusion, we demonstrate a surface lattice resonance exists in the Sierpinski carpet optical antenna, which is triggered analogous to the way these resonances occur in periodic particle arrays: the coupling of plasmonic resonators via in-plane diffracted waves. These resonances were visualized by performing the experiment with a structure on a non-index matched geometry using leakage radiation microscopy, albeit at the cost of higher radiation losses. The surface lattice resonance emerges in the analysis using the eigendecomposition method as a subradiant dominant eigenmode with a dominant large k-space contribution that can be assigned to in-plane diffracted waves. The findings agree with surface lattice resonances in aperiodic structures [17, 19, 20] indicating that they exist in many other non-periodic lattices. The leakage radiation method to visualize the surface lattice resonance we used can be used in other non-periodic and periodic structures. Our findings can be used in the design of nanophotonic devices and plasmonic sensors [2] [3] [4] 37] which exploit aperiodic or fractal plasmonic metal nanoparticle arrays.
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Sample fabrication
To fabricate our samples, we used focused ion beam (FIB) milling (FEI Nova 600 dual beam) to carve nanostructures directly out of single-crystalline gold flakes. We deposited single crystalline gold flakes onto a glass substrate with a 100 nm ITO coating. The flake was pre-thinned to the thickness of ~40 nm with FIB milling. In the FIB milling process, the acceleration voltage was 30 kV and the Ga-ion current was 1.5 pA, structures were milled using 30 passes of the ion beam.
The measurement setup and principle -leakage radiation microscopy with wavelength tunable light source Fig. S1 shows the schematic of the leakage radiation microscopy. The photon energy of the excitation light source can be tuned from 1.3 to 2.25 eV (550 -950 nm) with spectral bandwidth of 2 nm by sending the broadband white light (Fianium SC400-4) into a monochromator (Acton SP2100-i). The excitation light is focused by a 0.3 NA objective (UPLFLN 10X2, Olympus) the focus is adjusted to cover the whole sample. The diffracted light is collected by a 1.4 N.A. oil-immersion objective (UPLSAPO 100XO, Olympus). The back focal plane (BFP) is imaged by lenses I, II and III in Fig. 1(b) onto the CCD. A beam block (BB) is used for blocking the incident light. With lenses I, II and IV, we can alternatively display the image at the object plane (OP) onto the CCD. With the polarizer and analyzer (GT10, Thorlabs) inserted as shown in Fig. S1 , we can choose the BFP image with x and y polarization. , and subsequently focused onto a 50 µm diameter pinhole before the spectrometer (AvaSpec-3648-USB2, Avantes). The effective area on the sample plane from which light was collected was estimated to be a 5 µm diameter circle, hence completely encompassing the full nanostructure. Spectra were typically acquired in 5 seconds to allow the detector to accumulate enough signal. The scattering spectra are normalized to the system response retrieved by removing the beam block (bright field illumination) to remove the inherent wavelength dependence of white light source. [S2] , respectively. The mesh refinement is "conformal variant 1" and the minimum mesh size is 4 nm. The total-field scattered-field (TFSF) plane wave source with normal incidence on the gold nanostructures is used as excitation source. Fig. S4(a) -S4(c) show the calculated electric field at the plane of 10 nm below the interface between the sample and glass substrate with incident light wavelength at 1.9, 1.65 and 1.46 eV, respectively. The dielectric constant of gold and glass substrate in the FDTD method is from the experimental data Ref. Fig. 2 (a) -2(c) .
for (d) -(f) and (j) -(l). Note that the region of 0 th order diffracted light in (d) -(f) and (j) -(l) is set to 0 for a better comparison with the BFP images in
The Finite-difference time domain (FDTD) simulation of the scattering spectrum of the Sierpinski carpet Numerical results were obtained using finite difference time domain (FDTD, Lumerical Solutions Inc.) calculations. The settings of FDTD method is the same as the calculation for the diffraction patterns of the Sierpisnki carpet optical antenna. To simulate the experiment conditions, we use a reversed configuration shown in Fig. S2(b) : the white light incident normally on the sample from the air side, and the collection polar angle θ of the scattered light is set to be 20º to 50º in the side of glass substrate. We calculate the near-field electric field at the plane of 10 nm below the interface between the sample and glass substrate, then we use the "near to far field projections" in the Lumerical FDTD method to get the far-field radiation pattern. From the far-field radiation pattern at different wavelengths, we can sum the total far-field radiation power within the collection angle θ = 20º -50º at each wavelengths to get the scattering spectrum. This does not include the contribution of the power from dominate sub-radiant eigenmode. Fig. S5 shows an example of the far field radiation pattern at wavelength 1.77 eV. The range of collection angle θ for Fig. S9 is 20º -50º . Fig. 4 and Fig. S6 .
